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We theoretically investigate the shear viscosity η in the BCS-BEC crossover regime of an ultracold Fermi gas with a
Feshbach resonance. Within the framework of the strong-coupling self-consistent T -matrix approximation, we examine
how a strong pairing interaction associated with a Feshbach resonance affects this transport coefficient, in the normal
state above the superfluid phase transition temperature Tc. We show that, while η diverges in both the weak-coupling
BCS and strong-coupling BEC limits, it becomes small in the unitary regime. The minimum of η is obtained, not at the
unitarity, but slightly in the strong-coupling BEC side. This deviation is consistent with the recent experiment on a 6Li
Fermi gas. In the weak-coupling BCS regime, we also find that η exhibits anomalous temperature dependence near Tc,
which is deeply related to the pseudogap phenomenon originating form strong pairing fluctuations.
1. Introduction
Since the realization of the superfluid phase transition in
40K1) and 6Li Fermi gases,2–4) thermodynamic properties of
this system in the BCS (Bardeen-Cooper-Schrieffer)-BEC
(Bose-Einstein condensation) crossover region5–14) have ex-
tensively been studied,15–30) by maximally using the advan-
tage that a paring interaction in this system can be tuned by
adjusting the threshold energy of a Feshbach resonance.15)
Furthermore, as a new research direction, non-equilibrium
transport properties in the BCS-BEC crossover region have
recently been discussed.21, 31–41)
Regarding this new direction, the shear viscosity η has
particularly attracted much attention.42–66) One reason is that
transport coefficients are related to the particle mean-free-path
originating from a pairing interaction, so that they involve
useful information about collisional properties of the system
in the BCS-BEC crossover region.42) Another reason is the
stimulation by the conjecture by Kovtun, Son, and Starinets
(KSS),67) stating that the ratio of η to the entropy density s
has the lower bound as,
η
s
≥ ~
4πkB
. (1)
This was originally proposed in relativistic quantum field the-
ories at finite temperature and zero chemical potential; how-
ever, because Eq. (1) does not involve the speed of light, KSS
speculated that it may be valid for the non-relativistic case, at
least for a single-component gas with spin 0 or 1/2. Although
some formal counter-examples are known for this KSS con-
jecture,68–73) the ratio η/s is still considered as a useful quan-
tity for the study of interaction effects on fluid properties. In-
deed, Ref.74) evaluated η/s for the some quantum fluids from
experimental data: (i) liquid 4He: η/s >∼ 8.8, (ii) unitary 6Li
∗dkagamih@rk.phys.keio.ac.jp
Fermi gas: η/s >∼ 6.3, and (iii) quark-gluon plasma: η/s >∼ 5.0,
in unit of ~/(4πkB). For comparison, it is useful to note that
η/s ≃ 380 × ~/(4πkB) in water under the normal condition.67)
Thus, the results in the above-mentioned quantum fluids are
very close to the so-called KSS bound η/s = ~/(4πkB).
From the viewpoint of BCS-BEC crossover physics, be-
cause the shear viscosity diverges in an ideal gas, the above
result, η/s >∼ 6.3 × ~/(4πkB), obtained in a unitary 6Li Fermi
gas74) implies that the shear viscosity becomes the smallest
around the unitary limit. (Note that the system is reduced to an
ideal gas in both the BCS and BEC limits.) Regarding this, it
has recently been observed in a 6Li Fermi gas40) that, although
the shear viscosity η becomes small in the unitary regime, the
minimum value is obtained, not at the unitarity, but slightly in
the strong-coupling BEC side. This makes us expect that the
minimum value of η/s is also obtained (slightly) away from
the unitarity limit.
Motivated by these, in this paper, we theoretically inves-
tigate the shear viscosity η in an ultracold Fermi gas in the
BCS-BEC crossover region. Including strong pairing fluctua-
tions associated with a Feshbach-induced tunable pairing in-
teraction within the framework of the self-consistent T -matrix
approximation (SCTMA),5, 14, 64, 75) we calculate this transport
coefficient, by using the linear response theory. In the first step
toward the assessment of the KSS conjecture, this paper fo-
cuses on the shear viscosity η. The ratio η/s will separately be
discussed in our subsequent paper. We clarify how η behaves
in the normal state above Tc in the BCS-BEC crossover re-
gion. We also examine where η becomes minimum in the uni-
tary regime, comparing the recent experiment on a 6Li Fermi
gas.40)
This paper is organized as follows. In Sec. 2, we explain our
formulation. The calculated shear viscosity in the BCS-BEC
region is shown in Sec. 3. We also compare our results with
1
J. Phys. Soc. Jpn. FULL PAPERS
Fig. 1. (a) Self-energy Σ(p, iωn), and (b) particle-particle scattering matrix
Γ(q, iνm) in SCTMA. The double solid line is the dressed Green’s function G
in Eq. (4). The dashed line denotes the pairing interaction −U (< 0).
the recent experiments on 6Li Fermi gases in this section. In
the followings, we set ~ = kB = 1, and the system volume is
taken to be unity (except in appendix A), for simplicity.
2. Formulation
We consider a two-component unpolarized Fermi gas, de-
scribed by the ordinary BCS Hamiltonian,
H =
∑
p,σ
ξpc
†
p,σcp,σ − U
∑
p,p′,q
c
†
p+q,↑c
†
p′−q,↓cp′,↓cp,↑, (2)
where c
†
p,σ is the creation operator of a Fermi atom with
pseudospin σ =↑, ↓, describing two atomic hyperfine states.
ξp = εp − µ = p2/(2m) − µ is the kinetic energy of a Fermi
atom, measured from the Fermi chemical potential µ, where
m is an atomic mass. −U (< 0) is a pairing interaction, which
is assumed to be tunable by the Feshbach-resonance tech-
nique.15) The interaction strength is conveniently measured in
terms of the s-wave scattering length as, which is related to
the bare interaction −U as
4πas
m
=
−U
1 − U ∑pcp 12εp
, (3)
where pc is a momentum cutoff. In this scale, the weak-
coupling BCS regime and the strong-coupling BEC regime
are, respectively, characterized as (kFas) <∼ − 1, and
(kFas)
−1
& 1 (where kF is the Fermi wave-length). The region,
−1 <∼ (kFas)−1 <∼ 1, is referred to as the BCS-BEC crossover
regime.
Strong-coupling corrections to single-particle excitations
can be described by the self-energy Σ(p, iωn) in the single-
particle thermal Green’s function,
G(p, iωn) =
1
iωn − ξp − Σ(p, iωn)
, (4)
where ωn is the fermion Matsubara frequency. In
SCTMA,5, 14, 64, 75) Σ(p, iωn) is obtained from the diagrams in
Fig. 1, which gives
Σ(p, iωn) = T
∑
q,νm
Γ(q, iνm)G(q − p, iνm − iωn). (5)
Fig. 2. SCTMA Fermi chemical potential µ in the BCS-BEC crossover re-
gion above Tc. εF and TF are the Fermi energy and the Fermi temperature,
respectively.
Here, νm is the boson Matsubara frequency, and
Γ(q, iνm) =
−U
1 − UΛ(q, iνm)
=
4πas
m
1
1 + 4πas
m
[
Λ(q, iνm) −
∑
p
1
2εp
] (6)
is the SCTMA particle-particle scattering matrix, describing
fluctuations in the Cooper channel (see also Fig. 1(b)). Here,
Λ(q, iνm) = T
∑
p,ωn
G(p, iωn)G(q − p, iνm − iωn), (7)
is the pair correlation function.
In this scheme, we determine Tc from the Thouless cri-
terion,76) stating that the superfluid instability occurs, when
the particle-particle scattering matrix in Eq. (6) has a pole at
q = νm = 0, which gives
1 = −4πas
m
Λ(q = 0, iνm = 0) −
∑
p
1
2εp
 . (8)
As in the ordinary BCS-BEC crossover theories,5–14) we actu-
ally solve the Tc-equation (8), together with the equation for
the number N of Fermi atoms,
N = 2T
∑
p,ωn
G(p, iωn), (9)
to self-consistently determine Tc and µ(Tc). Above Tc, we
only treat the number equation (9), to evaluate µ(T ). We
briefly show the self-consistent solution for µ(T ≥ Tc) in Fig,
2, which is used in calculating η(T ).
In the linear response theory,77, 78) the shear viscosity η is
given by,65, 66, 79, 80)
η = − lim
ω→0
1
ω
Im[Ξ(ω)]. (10)
Here,
Ξ(ω) = −i
∫
d3r
∫ ∞
0
dteiωt〈[Πˆx,y(r, t), Πˆx,y(0, 0)]〉 (11)
is the shear-stress response function, where Πˆx,y is the xy com-
ponent of the stress tensor operator. In the present BCS model
2
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Fig. 3. Shear-stress response function Ξ(iνl) in SCTMA. The small (large)
circle represents the bare (dressed) three point vertex px py/m (Tx,y). The dou-
ble solid line is the dressed Green’s function G. ‘MT’ and ‘AL’ diagrams give
Eqs. (15) and (16), respectively.
in Eq. (2), it has the form,
Πˆx,y(r) =
∑
σ
1
2m
[
(∇iψ†σ)(∇ jψσ) + (i ↔ j) −
1
2
∇i∇ j(ψ†σψσ)
]
,
(12)
where the field operator ψσ(r) describes Fermi atoms with
pseudospin σ =↑, ↓. For the derivation of Eq (12), see Ap-
pendix A.
In this paper, we first evaluate the corresponding thermal
response function,
Ξ(iνl) = −
∫
d3r
∫ β
0
eiνlτ〈TτΠˆx,y(r, τ)Πˆx,y(0, 0)〉, (13)
where Tτ is the imaginary-time-ordered-product and νl is the
boson Matsubara frequency. Ξ(ω) is then obtained as Ξ(ω) =
Ξ(iνl → ω+ = ω + iδ), where δ is an infinitesimally small
positive number. In this paper, we numerically carry out this
analytic continuation by the Pade´ approximation.81)
In evaluating the thermal response function in Eq. (13), we
need to choose diagrams so as to satisfy the Ward-Takahashi
identity,82–85) which is a required condition in any consistent
theory. For the shear-stress response functionΞ(iνl), this iden-
tity is derived from the momentum conservation law.64, 83) In
SCTMA, it is diagrammatically described in Fig. 3,64) giving
Ξ(iνl) = 2T
∑
p,ωn
px py
m
G(p, iωn)Tx,y(p, iωn, iωn + iνl)
×G(p, iωn + iνl). (14)
Here, the three point vertex function Tx,y = px py/m + T
MT
x,y +
TALx,y consists of the bare term px py/m, Maki-Thompson (MT)
term,
TMTx,y (p, iωn, iωn + iνl)
= T
∑
q,νm
Γ(q, iνm)T˜x,y(q − p, iνm − iωn − iνl, iνm − iωn), (15)
as well as the Aslamazov-Larkin (AL) term,
TALx,y (p, iωn, iωn + iνl)
= −2T
∑
q,νm
S˜ x,y(q, iνm, iνm + iνl)G(q − p, iνm − iωn). (16)
Here, T˜x,y and S˜ x,y are, respectively, given as follows:
T˜x,y(p, iωn, iωn + iνl)
= G(p, iωn)Tx,y(p, iωn, iωn + iνl)G(p, iωn + iνl), (17)
S˜ x,y(q, iνm, iνm + iνl) = Γ(q, iνm)Γ(q, iνm + iνl)
× T
∑
p,ωn
G(q − p, iνm − iωn)T˜x,y(p, iωn, iωn + iνl). (18)
Before ending this section, we comment on our numeri-
cal calculations to obtain η(T ). In computing the shear vis-
cosity, we have sometimes met the difficulty that the Pade´
approximation unphysically gives negative η or positive but
abnormally large/small η. We have also found that this prob-
lem depends on the detailed choice of momentum cutoff in
numerically evaluating Ξ(iνl) in Eq. (14), as well as on the
number of Matsubara frequencies in executing the numeri-
cal analytic continuation by the Pade´ approximation. At this
stage, we have no idea to completely overcome this problem.
Thus, we have employed the following prescription in this pa-
per: (1) We first calculate Ξ(iνl) by introducing various values
of the momentum cutoff kc (10kF <∼ kc <∼ 60kF) to the momen-
tum summation in Eq. (14) (which is nothing to do with pc in
Eq. (3)). (2) For each result, we next numerically execute the
analytic continuation by the Pade´ approximation,81) retaining
50 ∼ 100 Matsubara frequencies νl. (3) For these data set, we
remove clearly unphysical negative data, and then remove the
highest and lowest 10% of data to avoid influence of abnormal
results. (4) For the remaining data, we evaluate the averaged
value η¯, as well as the standard derivation σ¯. When |σ¯/η¯| is
less than 0.1, we plot it in Fig. 4. Otherwise, we judge that the
result is not reliable, not to plot it in Fig. 4. The latter situation
occurs near Tc in the BEC regime, so that η is not shown there
in this figure.
3. Shear viscosity η in the BCS-BEC crossover regime of
an ultracold Fermi gas
Figure 4 shows the shear viscosity η(T ) in the BCS-BEC
crossover regime of an ultracold Fermi gas above Tc. When
(kFas)
−1 <∼ − 0.5 in the weak-coupling BCS side, we find
that, with decreasing the temperature from the Fermi tem-
perature TF, η exhibits a dip structure. Deep inside the BCS
regime ((kFas)
−1 <∼ − 2), Fig. 5(a), as well as the inset in this
panel, show that this non-monotonic temperature dependence
is well reproduced by the Boltzmann equation. As summa-
rized in Appendix B, in the classical regime (T ≫ TF),
the Boltzmann-equation approach gives η(T ) ∝ T 3/2 (T ≫
1/(ma2s)) and η(T ) ∝ T 1/2 (T ≪ 1/(ma2s)),59, 62) both of which
decreases with decreasing the temperature. In the Fermi de-
generate regime (T ≪ TF), this approach gives η(T ) ∝ T−2,
3
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Fig. 4. Calculated shear viscosity η(T ) in the BCS-BEC crossover regime
of an ultracold Fermi gas above Tc. The dotted line shows η(Tc). n is the
number density of Fermi atoms. The Pade´ approximation did not work well
near Tc in the BEC regime, so that the figure does not the result there.
Fig. 5. Shear viscosity η as a function temperature, at several interaction
strengths. (a) BCS side ((kFas)
−1 <∼ 0). (b) BEC side ((kFas)−1 >∼ 0). η′ is the
result in the case when the vertex corrections (MT and AL diagrams in Fig.
3 are removed. The absence of the result near Tc in panel (b) is due to the
computational problem explained in Sec. 2. ‘BE’ is the result by using the
Boltzmann equation (B·10). In the inset, the logarithmic scale is used.
which increases as the temperature decreases. These explain
the behavior of η(T ) above and below the dip temperature
(≡ TBCS
dip
), respectively. Thus, this dip structure is nothing to
do with the BCS-BEC crossover phenomenon, but is a phe-
nomenon which can be explained within the standard Boltz-
Fig. 6. Comparison of the temperature Tpeak, at which η(T ) exhibits a peak
structure, and the pseudogap temperature T ∗, below which the single-particle
density of states ρ(ω) in Eq. (19) has a dip structure around the Fermi level.
Tpeak is obtained in the weak-coupling regime when −1.5 <∼ (kFas)−1 <∼ − 0.5.
This figure also compares the dip temperature TBEC
dip
, at which η(T ) exhibits
a dip structure in the BEC side, with the binding energy Ebind = 1/(ma
2
s ) of
a two-body bound molecule.
mann equation ignoring pairing fluctuations.86)
In addition to the dip, we also see in Fig. 4 a peak structure
near Tc when (kFas)
−1 <∼ − 0.5. As shown in Fig. 5(a), the
Boltzmann equation cannot explain this anomaly, indicating
that it is a many-body phenomenon originating from pairing
fluctuations enhanced near Tc (that are ignored in the Boltz-
mann equation). Indeed, Fig. 6 shows that the peak temper-
ature Tpeak is close to the so-called pseudogap temperature
T ∗,87) below which the single-particle density of states,
ρ(ω) = −1
π
∑
p
Im[G(p, iωn → ω + iδ)], (19)
has a BCS-state like dip structure around the Fermi level
ω = 0, due to strong pairing fluctuations (or the formation
of preformed Cooper pairs).
To simply understand the role of pairing fluctuations
around Tpeak, we conveniently employ the expression for the
shear viscosity η ∼ nlmfp p¯,88) where n is the number density
of Fermi atoms, lmfp the mean free path, and p¯ is the averaged
particle momentum. When the effective interaction between
Fermi atoms described by the particle-particle scattering ma-
trix Γ in Eq. (6) is temperature-independent far above Tc, the
quasi-particle lifetime τ in the mean free path lmfp ∼ (kF/m)τ
behaves as, symbolically, τ−1 ∼ |Γ|2T 2 ∝ T 2 when T ≪ TF, as
in the ordinary Fermi liquid theory. The resulting η(T ) ∝ T−2
explains the temperature dependence of η(T ) in the region
Tpeak ≤ T ≤ TBCSdip . Near Tc, on the other hand, the particle-
particle scattering matrix Γ(0, 0) is enhanced, to eventually di-
verge at Tc (Thouless criterion). This enhancement of Γ(0, 0)
with decreasing the temperature shortens the quasi-particle
lifetime τ, which leads to the decrease of η(T ) ∝ τ ∼ [|Γ|T ]−2,
giving the peak structure in Fig. 4.
We briefly note that low-energy properties of a repulsively
interacting Fermi gas at low temperatures are known to be
4
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Fig. 7. Comparison of SCTMA shear viscosity η(T ) and the recent exper-
iment on a 6Li unitary Fermi gas.37)
well described by the Fermi liquid theory with the quasi-
particle lifetime τ ∝ T−2. Regarding this, although the present
interaction is attractive, one still sees the “Fermi liquid like
behavior”, η(T ) ∝ τ ∝ T−2, in the intermediate temperature
region, Tpeak <∼ T <∼ TBCSdip .
Figures 4 and 5 show that the above-mentioned
dip-peak structure disappears in the unitary regime (-
0.5 <∼ (kFas)−1 <∼ 0.5), because of the smearing of the Fermi
surface, as well as the enhancement of fluctuations in the
Cooper channel, by the strong pairing interaction between
Fermi atoms. The resulting shear viscosity η(T ) monotoni-
cally decreases with decreasing the temperature down to Tc.
We point out that such behavior has recently been observed
in a 6Li unitary Fermi gas;37) our result semi-quantitatively
agrees with this experiment, as shown in Fig. 7. We briefly
note that this behavior of η(T ) has also theoretically been
obtained in Ref.64)
As one passes through the unitarity regime to enter the
strong-coupling BEC regime ((kFas)
−1 >∼ 0.7), the shear vis-
cosity η(T ) again becomes large, as shown in Figs. 4 and 5(b).
In addition, althoughwe cannot completely obtain η near Tc in
the BEC regime because of the computational problem men-
tioned in Sec. 2, we still see in Fig. 5(b) that η(T ) again ex-
hibits a non-monotonic behavior, when (kFas)
−1 >∼ 0.7. Plot-
ting the dip temperature (≡ TBEC
dip
) in this regime, we find that
it is close to the binding energy Ebind = 1/(ma
2
s) of a two-body
bound state (see Fig. 6). This implies that the dip structure in
the BEC regime is associated with the start of the formation of
two-body bound molecules below TBEC
dip
, overwhelming ther-
mal dissociation.
To explain how Bose-molecules affect the shear viscosity
η in the BEC regime, it is convenient to represent the shear-
stress response function Ξ(iνl) with respect to the Bose de-
grees of freedom: In the extreme BEC limit ((kFas)
−1 ≫ 1),
the particle-particle scattering matrix Γ(q, iνl) is known to de-
scribe tightly bound molecular bosons. To simply see this, ap-
proximately evaluating the pair correlation function Λ(q, iνm)
in Eq. (7) by replacing the SCTMA dressed Green’s function
with the bare one, G0(p, iωn) = [iωn − ξp]−1, one finds,14) in
Fig. 8. Bosonic interpretation of the shear-stress response function Ξ(iνl)
in the strong-coupling BEC regime. In this regime, the particle particle scat-
tering matrix Γ may be viewed as a Bose propagator (wavy line in (a)). Then,
introducing an effective interaction UB between bosons mediated by four un-
paired fermions (b), as well as molecular three-point vertex functions S 0;x,y
(c) and S x,y (d), we obtain from the AL diagrams in Fig. 3 the Bose shear-
stress response function in (e).89)
the BEC limit,
Γ(q, iνm) ≃
8π
m2as
1
iνm − ξBq
. (20)
Here, ξBq = q
2/(4m)−µB is the molecular kinetic energy, mea-
sured from the Bose chemical potential µB = 2µ+Ebind. Then,
(1) regarding the particle-particle scattering matrix Γ appear-
ing in the diagrams of Ξ(iνl) in Fig. 3 as the Bose Green’s
function (wavy line in Fig. 8(a)), and (2) further introducing
an effective Bose-Bose interaction UB as Fig. 8(b), as well
as an bare and dressed molecular three-point vertex functions
S 0;x,y and S x,y as Figs. 8(c) and (d), respectively, we find that
the AL-type diagrams in Fig. 3 involves the contribution that
can be written in the form of the Bose shear-stress response
function, as shown in Fig. 8(e).
In SCTMA, the effective molecular interaction UB, that are
mediated by four unpaired Fermi atoms (see Fig. 8(b)), is re-
pulsive and is given by14)
UB =
4πaB
mB
, (21)
where mB = 2m is a molecular mass and aB = 2as > 0 is
the s-wave molecular scattering. In the BEC regime, because
most Fermi atoms form tightly bound molecules described by
the wavy line in Fig. 8, the shear viscosity is considered to
be dominated by the molecular shear-stress response function
in Fig. 8(e). This contribution becomes large with decreasing
the molecular interaction strength UB ∝ 2as → 0 with ap-
proaching the BEC limit (kFas)
−1 → +∞. (Note that the shear
viscosity diverges in an ideal Bose gas.)
To support the above diagrammatic discussion, we show
5
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in Fig. 9 the result (≡ η′) in the case when we only retain
the first term in Fig. 3 and ignore all the MT and AL vertex
corrections. In this figure, we see that η′ simply decreases as
one approaches the BEC regime, because it does not involve
molecular contribution to the shear viscosity. In addition, as
shown in Fig. 5(b), η′ monotonically decreases with decreas-
ing the temperature when ((kFas)
−1 ≥ 0.7), being in contrast
to the up-turn behavior of η(T ) including vertex corrections.
When we apply the simple expression for the shear viscos-
ity η ∼ nlmfp p¯ to the molecular Bose gas in the BEC regime,
the mean-free path lmfp is expected to be closely related to
the molecular lifetime τB. Regarding this, we note that, al-
though SCTMA includes the molecular interaction UB in Eq.
(21), this strong-coupling theory involves effects of this re-
pulsive interaction only in the mean-field level.14) That is, the
molecular lifetime τB coming from UB is completely ignored
in SCTMA. However, because η ∼ nlmfp p¯ diverges when
lmfp ∝ τB = ∞, the converging η(T ) in Fig. 5(b) implies
the presence of another scattering process contributing to the
molecular lifetime τB.
As the origin of τB in SCTMA, we note that, because the
particle-particle scattering matrix Γ(q, iνm) in Eq. (6) is re-
duced to the single-particle Bose Green’s function in the BEC
regime, the lifetime of the boson should come from the pair
correlation function, Im[Λ(q, iνm → ω+)] (≡ γ(q, ω)). To
confirm this, we evaluate this molecular damping γ(q, ω) by
simply approximating the self-energy Σ(p, iωn) in Eq. (5) in-
volved in the dressed Green’s function G to90)
Σ(p, iωn) ≃ T
∑
q,νm
Γ(q, iνm)G0(q − p, iνm − iωn)
≃ G0(−p,−iωn) × T
∑
q,νm
Γ(q, iνm)
≡ −∆2pgG0(−p,−iωn). (22)
Here, we have approximately set q = νm = 0 in the bare
Green’s function G0, using the fact that Γ(0, 0) is enhanced
near Tc. ∆pg is the so-called pseudogap parameter,
90, 91) phys-
ically describing effects of pairing fluctuations on single-
particle excitations. The resulting dressed Green’s function G
formally has the same form as the diagonal component of the
BCS Green’s function77, 78) as,
G(p, iωn) = −
iωn + ξp
ω2n + ξ
2
p + ∆
2
pg
. (23)
Substituting Eq. (23) into Eq. (7), as well as executing the ωn-
summation, we obtain, after the analytic continuation iνm →
ω+,
γ(q, ω ≥ 0) = π
4
∑
p
[
1 +
ξq/2+p
Eq/2+p
] [
1 +
ξq/2−p
Eq/2−p
]
× [1 − fF(Eq/2+p) − fF(Eq/2−p)]δ(ω − [Eq/2+p + Eq/2−p])
− π
2
∑
p
[
1 +
ξq/2+p
Eq/2+p
] [
1 − ξq/2−p
Eq/2−p
]
Fig. 9. Calculated shear viscosity η′(T ) without the MT-type and AL-type
vertex corrections in Fig. 3. The dotted line shows the result at Tc.
× [ fF(Eq/2+p) − fF(Eq/2−p)]δ(ω − [Eq/2+p − Eq/2−p]), (24)
where Ep =
√
ξ2p + ∆
2
pg and fF(x) = 1/[exp(x/T ) + 1] is the
equilibrium Fermi distribution function. In Eq. (24), the first
term comes from the so-called inter-band excitation.92) Since
this excitation is accompanied by pair-breaking, it has the ex-
citation threshold, ωth = Min[Eq/2+p + Eq/2−p] = 2|∆pg|. As
a result, this term does not contribute to the damping γ(q, ω),
as far as we consider low-energy excitations ω ≤ ωth.
The second term in Eq. (24) is associated with the intra-
band excitation.92) Since this is an excitation of an unpaired
Fermi atom which has already been excited thermally, it has
no excitation threshold. Thus, the molecular damping γ(q, ω)
is dominated by this process. Noting that µ → −Ebind/2 =
−1/(2ma2s) ≪ −εF5, 6, 11, 12, 14) and Ep ≃ εp + Ebind/2 in the
strong-coupling BEC regime, one obtains, in the low-energy
and low-momentum regime,
γ(q, ω) ≃
m2∆2pg
8π|µ|2
(
ω
q
)
e
− m
2T
(
ω
q
)2
e−
Ebind
2T . (25)
Even in the BEC regime, the thermal dissociation of bound
molecules gives unpaired Fermi atoms to some extent, which
is reflected by the factor e−Ebind/(2T ) (≪ 1) in Eq. (25). This
small factor describes the longevity of molecular bosons in
this regime:
τB(q, ω) =
m2as
8π
1
γ(q, ω)
=
asE
2
bind
4∆2pg
(
q
ω
)
e
m
2T
(
ω
q
)2
e
Ebind
2T . (26)
In the strong-coupling BEC regime where most Fermi
atoms form tightly bound molecules, η is dominated by the
molecular contribution in Fig. 8(e). To see how the long-lived
molecules affect η(T ) in this regime, we consider a model
Bose gas with τB = λe
Ebind/(2T ), ignoring the energy- and
momentum-dependence that Eq. (26) possesses. In this sim-
ple model, we obtain (For the derivation, see Appendix C.),
η = −λ
2
e
Ebind
2T
∑
q
(qxqy
2m
)2 ∂nB(ξ
B
q )
∂ξBq
 , (27)
where nB(x) = 1/[exp(x/T )−1] is the Bose distribution func-
tion. We find from Eq. (27), as well as the result TBEC
dip
∼ Ebind
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Fig. 10. (a) SCTMA shear viscosity η(T ) as a function of the interaction
strength above Tc. (b) Comparison of the SCTMA result (solid line) with the
experimental result in a 6Li Fermi gas (filled circles).40) The shear viscosity
is measured from the value ηunitarity in the unitarity limit. We note that the
experimental data in panel (b) are the trap-averaged ones, under the condi-
tion in Eq. (28). To model this in our uniform theory, we have imposed the
condition 3P/N = εF in calculating η at each interaction strength (where P is
the pressure).
shown in the inset in Fig. 6, that the enhancement of η(T ) be-
low TBEC
dip
in Fig. 5(b) originates from the appearance of very
long-lived molecular bosons.
As mentioned previously, although SCTMA ignores
molecular scatterings by the effective interaction UB in Eq.
(26), these should actually contribute the molecular lifetime
τB. Although inclusion of this effect remains as our future
problem, we speculate that it would decrease the magnitude
of η(T ) in the BEC regime, especially below TBEC
dip
, compared
to the present SCTMA result.
Figure 10(a) shows η as a function of the interaction
strength. In this figure, we find that the minimum of η is ob-
tained, not in the unitarity limit, but slightly in the BEC side,
being consistent with the recent experiment on a 6Li Fermi
gas.40) However, when we directly compare our result with
this experiment, we should note that the experiment was done
in a trap potential, under the condition,
3
N
∫
drp(r) = εF, (28)
where N is the total particle number, and p(r) is the local
pressure in a trap. Although our uniform calculation cannot
completely describe this trapped geometry, noting that the left
hand side of Eq. (28) represents three times the grand poten-
tial per particle, we plot in Fig. 10(b) the calculated shear
viscosity in SCTMA, imposing the condition 3P/N = εF at
each interaction strength (where P is the pressure). This fig-
ure shows that our result semi-quantitatively explain the ob-
served η(T ), which takes the minimum at (kFas)
−1 ∼ 0.25.
This makes us expect that the minimum of the ratio η/s may
also exist away from the unitarity limit, although we need to
calculate the entropy density s to confirm this, which remains
as our future problem.
4. Summary
To summarize, we have discussed the shear viscosity η(T )
in the BCS-BEC crossover regime of an ultracold Fermi gas.
Including strong-coupling effects within the framework of the
self-consistent T -matrix approximation (SCTMA), we have
evaluated this transport coefficient in the normal state above
the superfluid phase transition temperature Tc.
In the weak-coupling BCS regime ((kFas)
−1 <∼ − 0.5), we
found that η(T ) exhibits a dip structure, which is followed
by a peak, as one decreases the temperature from TF. As the
background physics of this, we pointed out that, while the for-
mer dip can be understood as the crossover from the classical
regime to the Fermi degenerate regime, the latter peak is asso-
ciated with the enhancement of pairing fluctuations near Tc.
Indeed, the latter peak temperature Tpeak is closed to the pseu-
dogap temperature T ∗, which is defined as the temperature
below which strong pairing fluctuations bring about a BCS-
state like dip structure around the Fermi level in the single-
particle density of states, in spite of the vanishing superfluid
order parameter above Tc.
This non-monotonic temperature dependence once disap-
pears in the unitary regime (−0.5 <∼ (kFas)−1 <∼ 0.7), where
η(T ) monotonically decreases with decreasing the tempera-
ture down to Tc. This behavior was shown to be consistent
with the recent experiment on a 6Li unitary Fermi gas.
As one enters the strong-coupling BEC regime
((kFas)
−1 >∼ 0.7), η(T ) again exhibits a monotonic dip
structure as a function of the temperature. In this case, the
dip temperature TBEC
dip
is close to the binding energy Ebind
of a two-body bound molecules. This indicates that the
rapid increase of η(T ) below TBEC
dip
is due to the appearance
of long-lived molecular bosons overwhelming thermal
dissociations.
The shear viscosity diverges in both the BCS and BEC
limits, so that η is expected to become minimum in the uni-
tary regime. We have numerically confirmed this expectation;
however, the minimum of η(T ) is obtained, not at the unitarity,
but slightly in the BEC side. This deviation from the unitarity
limit is consistent with the observed interaction dependence
of this quantity in a 6Li Fermi gas.
We finally note that the present work still has room for
improvement. First, we could not calculate η in the BEC
regime near Tc because the numerical analytic continuation
by the Pade´ approximation did not work well there. To avoid
7
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this difficulty, an alternative approach which does not need
the analytic continuation might be useful. Regarding this, the
real-time formalism based on the Keldysh Green’s function
is promising. Second, SCTMA only includes effect of the
molecular interaction in the BEC regime within the mean-
field level, so that the molecular lifetime coming from inter-
molecular scatterings is ignored. To improve this, at least, the
second-order self-energy diagram in terms of this effective in-
teraction must be taken into account. It is an interesting fu-
ture challenge to explore how to incorporate such molecule-
molecule scatterings into the present approach. Since we have
only treated the normal state, the extension to the super-
fluid phase also remains as our future challenge. Since the
shear viscosity has recently attracted much attention in var-
ious fields in connection to the KSS conjecture, our results
would contribute to the further understanding of strongly in-
teracting fermions, from the viewpoint of transport properties.
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Appendix A: Expression for Πˆx,y in the BCS model
The stress tensor operator Πˆi, j (i, j = x, y, z) is defined from
the conservation law in terms of the momentum flux,
∂t Jˆi +
∑
j
∂ jΠˆi, j = 0, (A·1)
where Jˆ =
∑
σ[ψ
†
σ(∇ψσ) − (∇ψ†σ)ψσ]/(2i) is the mass current
operator, with ψσ being the Fermi field operator. For the ordi-
nary Hamiltonian consisting of the kinetic term and a short-
range interaction potential V(r12) ≡ V(|r1 − r2|), one has,93)
Πˆi, j(r) =
∑
σ
1
2m
[
(∇iψ†σ)(∇ jψσ) + (i ↔ j) −
1
2
∇i∇ j(ψ†σψσ)
]
−
∫
dr12
(r12)i(r12) j
r2
12
ψ
†
↑
(
r +
1
2
r12
)
ψ
†
↓
(
r − 1
2
r12
)
×
[
r12
∂V(r12)
∂r12
]
ψ↓
(
r − 1
2
r12
)
ψ↑
(
r +
1
2
r12
)
. (A·2)
To obtain the detailed expression for r12(∂V(r12)/∂r12) in the
present BCS model in Eq. (2), we evaluate the pressure P by
using the Hellmann-Feynman theorem,
P = −
〈
∂H
∂V
〉
. (A·3)
We assume that a gas is confined in a box with the size
V = L×L×L, and the periodic boundary condition is imposed.
In this case, the momentum p is quantized as p = 2πn/L
(where n = (nx, ny, nz) is the quantum number), which de-
pends on the system size L. In addition, the cutoffmomentum
pc = 2π|nc|/L also depends on L (where nc is a large quantum
number). Keeping these in mind, varying the system size as
L → L(1 + ǫ), we obtain the pressure from Eq. (A·3) as,
PV = −
〈
lim
ǫ→0
H(L(1 + ǫ)) − H(L)
(1 + ǫ)3 − 1
〉
=
2
3
∑
p,σ
εp
〈
c†p,σcp,σ
〉
−
[
U − U2 mpc
6π2
]
1
V
∑
p,p′,q
〈
c
†
p+q,↑c
†
p′−q,↓cp′,↓cp,↑
〉
. (A·4)
We briefly note that, when we use Eq. (3) to remove the cutoff
pc, Eq. (A·4) is found to reproduce the Tan’s pressure rela-
tion,94–96) PV = 2E/3 + C/(12πmas), where E is the internal
energy, andC = (m2U2/V)
∑
p,p′,q
〈
c
†
p+q,↑c
†
p′−q,↓cp′ ,↓cp,↑
〉
is the
Tan’s contact.97)
Comparing Eq. (A·4) with the relation between the pressure
and the stress tensor,
PV =
1
3
∫
dr
∑
i
〈Πˆi,i(r)〉, (A·5)
one finds,
(r12)i(r12) j
r2
12
[
r12
∂V(r12)
∂r12
]
= δi, j
[
2
3
U − U2 m
12πas
]
δ(r12).
(A·6)
Substituting this into Eq. (A·2), we reach
Πˆi, j(r) =
∑
σ
1
2m
[
(∇iψ†σ)(∇ jψσ) + (i ↔ j) −
1
2
∇i∇ j(ψ†σψσ)
]
− δi, j
[
2
3
U − U2 m
12πas
]
ψ
†
↑ (r)ψ
†
↓ (r)ψ↓ (r)ψ↑ (r) .
(A·7)
We note that, although Πˆ′
i, j ≡ Πˆi, j + δΠˆi, j with any sym-
metric tensor δΠˆi, j satisfying
∑
j ∂ jδΠˆi, j = 0 also satisfies
Eq. (A·1), this non-uniqueness doesn’t affect the shear vis-
cosity.65) We also note that the interaction term in Eq. (A·7) is
for the case when Eq. (3) is used. When one employs another
relation between −U and a renormalized quantity, e.g., the
dimensional regularization, the interaction term in Eq. (A·7)
is replaced by the corresponding form. The expression for th
shear stress tensor in the case of the dimensional regulariza-
tion is given in Ref.98)
Appendix B: Shear viscosity obtained from the Boltz-
mann equation
This appendix summarizes how to calculate η in the
Boltzmann-equation approach. For a two-component Fermi
gas, the Boltzmann equation is given by
∂ f (r, p, t)
∂t
+
p
m
· ∂ f (r, p, t)
∂r
= −C[ f ] (B·1)
where f (r, p, t) is a quasi-classical distribution function, and
C[ f ] =
∑
p1,p′,p′1
dσ
dΩ
(2π)δ(εp + εp1 − εp′ − εp′1)δp+p1,p′+p′1
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× [ f f1(1 − f ′)(1 − f ′1) − (1 − f )(1 − f1) f ′ f ′1] (B·2)
is the collision integral, with dσ/dΩ being the differential
cross section, f1 = f (r, p1, t), f
′ = f (r, p′, t), and f ′
1
=
f (r, p′
1
, t).
To evaluate the shear viscosity η, we consider the current-
flowing steady state, where the fluid velocity u(r) =
(ux(y), 0, 0), ux, as well as the gradient ∂ux/∂y, are assumed
to be small. In this case, the shear viscosity η is related to the
shear stress Πx,y as,
Πx,y = −η
∂ux
∂y
. (B·3)
Πx,y is also related to the quasi-classical distribution function
as,
Πx,y(r, t) = 2
∑
p
px py
m
f (r, p, t), (B·4)
To calculate Eq. (B·4), we divide the distribution function
f = floc+δ f into the sum of the local equilibrium distribution
function,
floc(r, p) =
1
e(ξp−u(r)·p)/T + 1
, (B·5)
and the deviation δ f from it. Following the standard tech-
nique, we parametrize the latter as
δ f (r, p) = − 1
T
floc(r, p)
[
1 − floc(r, p)
] (∂ux
∂y
)
Φ(r, p). (B·6)
Substituting f = floc + δ f into Eq. (B·4), and using Eq. (B·3),
we obtain59–63, 66)
η = −2
∑
p
px py
m
∂ fF(ξp)
∂ξp
Φ(p) (B·7)
The function Φ(p) is obtained from the linearized Boltz-
mann equation, which is derived by substituting f = floc +
δ f into Eq. (B·1) and Eq. (B·2), and retaining terms with
O(∂ux/∂y). The result is
px py
m
f 0[1 − f 0] =
∑
p1,p′,p′1
dσ
dΩ
(2π)δ(εp + εp1 − εp′ − εp′1)
× δp+p1,p′+p′1 f 0 f 01 [1 − f 0
′
][1 − f 01
′
]
× [Φ(p) + Φ(p1) −Φ(p′) − Φ(p′1)] . (B·8)
Here, f 0 = fF(ξp), f
0
1
= fF(ξp1), f
0′ = fF(ξp′), f 01
′
= fF(ξp′
1
).
Following the previous works,59–63, 66) we set Φ(p) =
Apx py/m, where A is a constant. Substituting this into
the linearized Boltzmann equation (B·8), and multiplying∑
p px py/m in both the sides of this equation, we have
∑
p
( px py
m
)2
f 0[1 − f 0] = A
∑
p,p1,p′,p′1
dσ
dΩ
δp+p1,p′+p′1
× (2π)δ(εp + εp1 − εp′ − εp′1) f 0 f 01 [1 − f 0
′
][1 − f 01
′
]
× px py
m
 px py
m
+
p1,x p1,y
m
−
p′x p
′
y
m
−
p′
1,x
p′
1,y
m
 , (B·9)
Once A is determined, η is immediately obtained as
η = −2
∑
p
( px py
m
)2 ∂ fF
∂ξp
A. (B·10)
In Fig. 5, ‘BE’ shows the result obtained from Eq. (B·10),
where the SCTMA chemical potential µ(T ) in Fig. 2 is used.
In 40K and 6Li Fermi gases, the effective range of the
Feshbach-induced tunable interaction is negligibly small. In
this case, the differential cross section has the resonance
form,59, 62)
dσ
dΩ
=
a2s
1 + (kas)2
, (B·11)
where k = |p − p1|/2. In the classical regime (T ≫ TF), one
obtains
η =
5
√
πmT
8σ¯
, (B·12)
where
σ¯ =
4πa2s
3
∫ ∞
0
dxx7
e−x
2
1 + x2Tma2s
. (B·13)
Equation (B·12) is reduced to59, 62)
η =
15
32
√
π
(mT )
3
2 (T ≫ 1/(ma2s)), (B·14)
η =
5
32
√
πa2s
(mT )
1
2 (T ≪ 1/(ma2s)). (B·15)
In the Fermi degenerate regime (T ≪ TF), in the weak cou-
pling BCS regime, Eq. (B·10) gives,59, 62)
η =
3n
8π(kFas)2
(
TF
T
)2
. (B·16)
We briefly explain the background physics of these results
in the classical and quantum regime. In the simple expres-
sion η ∼ nlmfp p¯,88) the mean free path lmfp ∼ 1/(nσ)88)
is related to the collisional cross section σ (where n is the
number density), and the averaged momentum p¯ is estimated
as p¯ ∼
√
mT . When the thermal de-Broglie wave length
λT = 1/
√
mT is much larger than the scattering length |as|,
the area where collisions occur is estimated as ∼ a2s , giving
σ ∝ a2s . In this case, one obtains η ∝ T 1/2. When λT ≪ |as|,
on the other hand, the area where collisions occur is estimated
as ∼ λ2
T
, because collision cannot occur when wave-functions
of particles don’t overlap. In this case, one has σ ∝ 1/(mT ),
leading to η ∝ T 1.5.
When we still use the expression η ∼ nlmfp p¯ in the Fermi
degenerate regime, one may take p¯ ∼ kF, and lmfp ∼ vFτ ∝
T−2, where vF = kF/m is the Fermi velocity, and τ ∝ T 2 is the
lifetime of quasi-particles originating from a particle-particle
interaction. These give η(T ) ∝ T−2, as expected.
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Appendix C: Derivation of Eq. (27)
The bare molecular three-point vertex function S 0;x,y in Fig.
8(c) consists of three Fermi Green’s functions as
S 0;x,y(q, iνm, iνm + iνl) = T
∑
p,ωn
px py
m
G(q − p, iνm − iωn)
×G(p, iωn)G(p, iωn + iνl). (C·1)
We evaluate Eq. (C·1) in the BEC regime within the replace-
ment of the SCTMA dressed Green’s function G by the bare
one G0. The result is, at νm = νl = 0,
S 0;x,y(q, 0, 0) ≃ −
m2as
8π
qxqy
4m
, (C·2)
Approximately using Eq. (C·2) for S 0;x,y in the shear-stress
response function Ξ(iνl) in Fig. 8(e),
89) we obtain
Ξ(iνl) = −T
∑
q,νm
(qxqy
2m
)2
GB(q, iνm)GB(q, iνm + iνl), (C·3)
where the molecular Bose Green’s function has the form,
GB(q, iνm) =
1
iνm − ξBq + iτ−1B sgn(νm)
. (C·4)
Carrying out the νm-summation, we execute the analytic con-
tinuation iνl → ω+ in Eq. (C·3). Then, we obtain from Eq.
(10),
η = −
∑
q
(qxqy
2m
)2 ∫ dz
π
∂nB(z)
∂z
[
Im[GB(q, iνm → z + iδ]
]2
.
(C·5)
Using the fact that τB = λe
Ebind/(2T ) is very large because of
the exponential factor, we further employ the approximation,
[
Im[GB(q, iνm → z + iδ]
]2
=
π
2
τBδ(z − ξBq ). (C·6)
Substitution of this into Eq. (C·5) gives Eq. (27).
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